Abstract. We introduce the concept of Rokhlin dimension for actions of residually finite groups on C * -algebras, extending previous notions of Rokhlin dimension for actions of finite groups and the integers, as introduced by Hirshberg, Winter and the last named author. If the group in question has a box space of finite asymptotic dimension, then actions with finite Rokhlin dimension preserve the property of having finite nuclear dimension, when passing to the crossed product C * -algebra. A more detailed study of the asymptotic dimension of box spaces shows that finitely generated, virtually nilpotent groups have box spaces with finite asymptotic dimension, thus providing a rich class of examples. We then examine the Rokhlin dimension of residually finite groups acting on compact metric spaces, which turns out to be closely related to amenability dimension in the sense of Guentner, Willet and Yu. Next we show that for free actions of finitely generated nilpotent groups on finite dimensional spaces, both these dimensional values are finite. In particular, the associated transformation group C * -algebras have finite nuclear dimension. This extends an analogous result about Z m -actions by the first named author. We also provide some results concerning the genericity of finite Rokhlin dimension, and permanence properties with respect to Z-stability.
Introduction
Since its inception, the theory of operator algebras has been influenced in large part through ideas of a dynamical nature. The study of C * -dynamical systems, i.e. group actions of locally compact groups on C * -algebras, is interesting in many ways. The main reason for sparking interest is certainly the crossed product construction, a way to associate a new C * -algebra naturally to a C * -dynamical system. This construction has, by now, proved to be a virtually inexhaustible source of interesting examples of C * -algebras. As such, it is less surprising that the crossed product construction is harder to understand than most other standard constructions that create new C * -algebras. Moreover, crossed products are often simple C * -algebras of importance in the Elliott classification program. In view of the staggering progess of C * -algebra classification over the last few years, which is now largely driven by the discovery of various regularity properties (see for example [53, 51, 52, 38, 30, 19, 48, 44, 31, 45] ), a natural question sticks out, and can be regarded as the main motivation of this paper:
Question. Given a C * -dynamical system α : G
A, under what conditions on α does regularity pass from A to A ⋊ α G?
Of course, the vague term 'regularity' leaves some room for interpretation, as this question is interesting for all possible versions of regularity. Within this paper, we will mainly focus on the regularity property of having finite nuclear dimension, with a secondary focus on Z-stability in the last section.
As recent (mathematical) history teaches us, this and other related questions have a higher likelyhood for a positive answer under the assumption that α satisfies a Rokhlin-type property. A basic early result in the dynamics of group actions on measure spaces is the so-called Rokhlin Lemma stating that a measure preserving, aperiodic integer action can be approximated by cyclic shifts in a suitable sense. A von Neumann theoretic translation of this approximation was used successfully by Connes as a key technique towards classifying automorphisms on the hyperfinite II 1 -factor up to outer conjugacy, see [4] . Since then, lots of generalizations and reinterpretations have emerged within the realm of von Neumann algebras. Eventually, Kishimoto carried over some of these Rokhlin-type techniques into the C * -algebraic world for integer actions, see for instance [21, 23] . Then Izumi started his pioneering work on finite group actions with the Rokhlin property, see [14, 15] . For a selection of other papers related to Rokhlin-type properties for C * -dynamical systems, see [36, 37, 35, 42, 32, 43, 28, 29, 22, 24, 25, 3, 12, 5] .
As nice as these Rokhlin properties are, most variants share a common disadvantage; as their definition involves Rokhlin towers consisting of projections, they impose strong restrictions on the coefficient algebra ruling out many important examples, for instance the Jiang-Su algebra Z or any other sufficiently projectionless C * -algebra. To circumvent this problem, Hirshberg, Winter and the last named author introduced the concept of Rokhlin dimension for actions of finite groups and the integers in [13] . See also [47] for an extension to Z m -actions. The concept of Rokhlin dimension yields a generalization of many of the commonly used Rokhlin-type properties, motivated by the idea of covering dimension. Instead of requiring one (multi-)tower consisting of projections to reflect a shift-type behaviour in the given dynamical system, one allows boundedly many of such towers consisting of positive elements, the bound defining the dimensional value. It turns out that this generalization provides a much more flexible concept, while still being strong enough to be compatible with the regularity property of having finite nuclear dimension. For a selection of other papers that, at least in large part, emerged out of the ideas within [13] , see [1, 47, 7, 6, 11] .
The main purpose of this paper is to generalize the concept of Rokhlin dimension to actions of all countable, discrete and residually finite groups. Moreover, we enlarge the class of C * -dynamical systems under consideration to non-unital C * -algebras, and cocycle actions instead of ordinary actions. Along the way, we pinpoint the condition on a group to yield an applicable theory following the example of [13] . This, in turn, unifies all the arguments made (so far separately) for finite groups and the integers. The crucial new ingredient turns out to be the so-called box space associated to a residually finite group and some chosen residually finite approximation. More specifically, a group yields an interesting Rokhlin dimension theory, if it admits a box space with finite asymptotic dimension. This describes just what we need in terms of low complexity of the given group. It is certainly satisfied for finite groups and the integers, and was already crucial in the existing theory for these groups. We also show that all finitely generated, virtually nilpotent groups have this property. To achieve this, we examine the asymptotic dimension of box spaces in general, which has not been systematically studied so far, at least to the authors' knowledge.
Very recently, Guentner, Willett and Yu have invented a stronger version of amenability of discrete group actions on compact metric spaces, see [8, 9] . These are actions having finite (so-called) amenability dimension. Among their results, there is a theorem that showcases the compatibility of this notion with nuclear dimension, in a similar fashion as for Rokhlin dimension. This raises the obvious question to what extent amenability dimension and Rokhlin dimension are related concepts. We show that under the assumption of low complexity for a group, the two concepts are essentially the same. In particular, any action of such a group on a compact metric space has finite amenability dimension if and only if its induced C * -algebraic action has finite Rokhlin dimension.
As the main application, we treat the ultimate test case for our theory, namely examples coming from topological dynamics. In [47] , the first named author showed that the C * -algebraic actions induced by free Z m -actions on finite dimensional compact metric spaces always have finite Rokhlin dimension, building on an earlier such result in [50, 13] (for minimal Z-actions) and some topological arguments from [26, 10] . This, in turn, showed that the C * -algebras associated to these dynamical systems have finite nuclear dimension and thus are interesting from the point of view of the Elliott classification program. Combining the techniques developed in [47] with some new observations, we extend this result to free actions of finitely generated, infinite nilpotent groups on finite dimensional compact metric spaces.
Next, we explore generalizations of some other results from [13] . Firstly, we examine the genericity of actions with finite Rokhlin dimension on Zstable or UHF-stable C * -algebras. We prove that for every residually finite group, having Rokhlin dimension at most 1 is a generic property for actions on Z-stable C * -algebras, and Rokhlin dimension 0 is generic for actions on C * -algebras absorbing the universal UHF algebra. Secondly, we investigate the notion of Rokhlin dimension with commuting towers. We show that cocycle actions having a finite such value are compatible with Z-stability, at least under the assumption that the acting group has low complexity. That is, under the right assumption on the acting group, the property of being Z-stable passes from the coefficient C * -algebra to the (twisted) crossed product, whenever the underlying cocycle action has finite Rokhlin dimension with commuting towers. The same is proven for UHF-stability. Despite needing it for the presently used techniques of verifying Z-stability, we also pose the question to what extent the commuting towers assumption is actually necessary.
The authors would like to express their gratitude to Rufus Willett and Guoliang Yu for some very helpful discussions.
Preliminaries
Notation 1.1. Unless specified otherwise, we will stick to the following notations throughout the paper.
• A denotes a C * -algebra.
• α denotes a group action on a C * -algebra or a compact metric space.
• G denotes a countable, discrete group.
• If M is some set and F ⊂ M is a finite subset, we write F ⊂ ⊂M .
• For ε > 0 and a, b in some normed space, we write a = ε b for a − b ≤ ε.
• Assume that "dim" is one of the notions of dimension that appear in this paper, and X an object on which this dimension can be evaluated. Then we sometimes use the convenient shortcut dim +1 (X) = 1 + dim(X). Recall the existing notion of Rokhlin dimension for finite group actions and Z m -actions on unital C * -algebras: Definition 1.2 (cf. [13, 1.1] ). Let A be a unital C * -algebra, G a finite group and let α : G A be an action. We say that α has Rokhlin dimension d, and write dim Rok (α) = d, if d is the smallest natural number with the following property:
For all F ⊂ ⊂A, ε > 0, n ∈ N, there exist positive contractions (f
in A satisfying the following properties:
If there is no such d, we write dim Rok (α) = ∞.
Notation. When working with Z m , we denote B n = {0, . . . , n − 1} m ⊂ Z m . Definition 1.3 (cf. [47, 1.6] ). Let A be a unital C * -algebra, and α : Z m A an action. We say that α has Rokhlin dimension d, and write dim Rok (α) = d, if d is the smallest natural number with the following property:
v , a] ≤ ε for all l = 0, . . . , d , v ∈ B n and a ∈ F . If there is no such d, we write dim Rok (α) = ∞.
Using central sequences, there is an elegant reformulation of these definitions. (We omit the easy proof.) Let ω be a free filter on N. As usual, let A ω = ℓ ∞ (N, A)/c ω (N, A) for a C * -algebra A. A itself embeds into A ω as (representatives of) constant sequences. The relative commutant of A inside A ω is called the central sequence algebra of A and is denoted A ω ∩ A ′ . If α is a group action of a discrete group on A, component-wise application of α yields well-defined actions on both A ω and A ω ∩ A ′ , which we will both denote by α ω . In what follows, we will mostly work with ω being the filter of all cofinite subsets in N, and in this case we will insert the symbol ∞ in these notations. Lemma 1.4. Let A be a separable unital C * -algebra.
(1) As we will also treat cocycle actions in this paper, we remind the reader of some basic definitions: Definition 1.6. Let A be a C * -algebra and G a discrete group. A cocycle action (α, w) :
for all r, s, t ∈ G.
One may always assume α 1 = id and w(1, t) = w(t, 1) = 1 for all t ∈ G. If w = 1 is trivial, then this just recovers the definition of an ordinary action α : G A.
Definition 1.7. Let A be a C * -algebra and G a discrete group. Let (α, w) : G A be a cocycle action. Then one defines the maximal twisted crossed product A ⋊ α,w G to be the universal C * -algebra with the property that it contains a copy of A, there is a map
The reduced twisted crossed product A ⋊ r,α,w G is defined as the C * -algebra inside B(ℓ 2 (G) ⊗ H) generated by the following two representations:
Let A ֒−→ B(H) be faithfully represented on a Hilbert space. Then consider
If G is amenable, then the maximal and reduced twisted crossed products always coincide.
Remark 1.8. In a more symbolic notation using A-valued infinite matrices (that we will use later) one can also write
2. Box spaces and asymptotic dimension Definition 2.1. Let G be a countable, discrete group. Let G n ⊂ G be a decreasing sequence of subgroups with finite index, i.e. [G : G n ] < ∞ and G n+1 ⊂ G n for all n ∈ N. We say that the sequence (G n ) n is separating if [39, 11.24] and [17] ). Let G be a countable, discrete, residually finite group and let σ = (G n ) n be a residually finite approximation of G. Let us equip G with a proper (i.e. balls are finite sets) right-invariant metric. The box space σ G associated to σ is defined as the disjoint union n∈N G/G n , endowed with a metric dist such that each subset G/G n inherits its metric from the right-invariant metric of G, and
Since it is known that the coarse equivalence class of this metric space does not depend on the choice of the metrics, it is justified to call the above defined space σ G the box space associated to σ. Remark 2.3. It is well-known that the box spaces of G, as coarse metric spaces, encode important properties of G. For instance, σ G has property A if and only if G is amenable, see [39, 11.39] and [33, 4.4.6] . On the other hand, property A is always implied by finite asymptotic dimension, see [33, 4.3.6] . When a box space has finite asymptotic dimension, one might be tempted to think that this value encodes the complexity of the group in some sense. This is demonstrated in the next Lemma: (1) The box space σ G has asymptotic dimension at most s. 
(c) For every l = 0, . . . , s and g ∈ M , one has
Remark. Compared with the definition of asymptotic dimension, condition (2) can be viewed as a periodic variant of asymptotic dimension. On the other hand, condition (3) reflects the standard fact that covers with large Lebesgue number give rise to very flat partitions of unity, but again in a periodic way.
Proof of 2.4. (1) =⇒ (2) : Given
with Lebesgue number at least R, such that the diameters of members of V are uniformly bounded by some r ≥ R and each V (l) has mutually disjoint members. Let B r (1 G ) be the ball with radius r centered at 1 G . Pick n ∈ N large enough such that
be the induced finite cover of the finite subspace G/G n ⊂ σ G.
Since each V ∈ V ′ is contained in B r (ḡ) for someḡ ∈ G/G n , its pullback to G can be written as a disjoint union h∈Gn U V · h for some U V ⊂ B r (g), where g is a representative ofḡ. Define
is G n -invariant and has mutually disjoint members. Moreover, U = U (0) ∪ · · · ∪ U (s) covers G with Lebesgue number at least R. This is because by construction, the projection from G to G/G n is injective when restricted to any r-ball (a fortiori any R-ball) in G, and
(2) =⇒ (3) : Let ε > 0 and M ⊂ ⊂G be given. Choose R > 2(2s+1) ε big enough so that M is contained in B R (1 G ). By assumption, there exists n and a covering U = U (0) ∪ · · · ∪ U (s) of G with Lebesgue number ≥ R, such that each U (l) is G n -invariant and has mutually disjoint members. For each l = 0, . . . , s, upon combining several members of U (l) into one, we may assume
It is easy to see that supp(µ (l) ) = U (l) and µ (l) ( · h) | h ∈ G n , l = 0, . . . , s forms a partition of unity for G. This proves properties (a) and (b). By [33, 4.3.5] , each µ (l) is Lipschitz with regard to
. Choose n and finitely supported functions µ (l) : G → [0, 1] for l = 0, . . . , s satisfying the requirements of (3) with respect to the pair ε and M = B R (1 G ). By choosing n large enough, we may also assume that the distance between any two of the subsets
The diameters of its members are bounded by
and each V (l) consists of disjoint sets. Finally let us show that its Lebesgue number is at least R. Given any point x ∈ σ G, by our choice of n, we know that B R (x) falls entirely in one of the subsets
. In the case where B R (x) ⊂ G/G m for m ≥ n, consider some g ∈ G such that π m (g) = x. Since g can be in the support of at most (s + 1)-many members of the partition of unity µ (l) ( · h) | h ∈ G n , l = 0, · · · , s (at most one for each l), it follows that there exist h ∈ G n and l ∈ {0, . . . , s} such that
Corollary 2.5. Let G be a countable, discrete, residually finite group and σ = (G n ) n a residually finite approximation. Let G be equipped with some right-invariant metric, which gives it the structure of a coarse metric space.
Proof. This follows immediately from 2.4(2).
Corollary 2.6. Let G be a countable, discrete, residually finite group and σ = (G n ) n a residually finite approximation. Let H ⊂ G be a subgroup. Then κ = (H ∩ G n ) n defines a residually finite approximation of H.
• We have asdim( κ H) ≤ asdim( σ G).
•
Proof. Both statements follow directly from 2.4(2).
Definition 2.7. Let G be a countable, discrete and residually finite group. We denote by Λ(G) the set of all residually finite approximations of G. The set Λ(G) carries a natural preorder; we write (G n ) n (H n ) n , if for all n ∈ N, there exists m ∈ N with H m ⊂ G n . We say that two sequences are order equivalent, and write (
We call a residually finite approximation (G n ) n ∈ Λ(G) dominating, if it is dominating with respect to the above order, i.
. This is the case if and only if, for every finite index subgroup H ⊂ G, there exists n such that G n ⊂ H.
Example 2.8. Let us consider G = Z from the point of view of the above definition. Every element in Λ(Z) has the form (k n Z) n for an increasing sequence of natural numbers with k n |k n+1 . One has (k n Z) n (l n Z) n if and only if for all n, there exists m such that k n |l m . Thus, it is not hard to see that
by sending (k n Z) n to the supernatural number p defined by
where p is any prime natural number. Hence, a sequence (k n Z) n ∈ Λ(Z) is dominating if and only if every prime power devides some member of the sequence (k n ) n . An immediate example of this is (n! · Z) n .
In other words, the map
is order-reversing. This implies that the values of asymptotic dimension for all box spaces associated to dominating sequences are the same, and they take the lowest value among all possible box spaces associated to decreasing, separating sequences of finite index subgroups.
If (H n ) n ∈ Λ(G) is any dominating sequence, we will call the associated box space {Hn} G a standard box space, and will sometimes denote it by s G. While there might a priori be some ambiguity, we will exclusively be interested in the asymptotic dimension of these spaces, so the above argument shows that there is no ambiguity concerning the asymptotic dimension of a standard box space.
For the rest of this section, we will show that the standard box space of a finitely generated, virtually nilpotent groups has finite asymptotic dimension. We start with a comparably simple class of examples, namely the groups Z m . In this case, one can in fact determine the asymptotic dimension of all box spaces. Example 2.10. Fix m ≥ 1 and consider a sequence (G n ) n ∈ Λ(Z m ). This sequence is automatically of the form (G n ) n = (k
One can see this by, for instance, considering the isometric embeddings
Thus pulling back an m-dimensional cover on R m /Z m with diameters of members controlled by to Z m /G n and then further to Z m for large enough n will yield a cover satisfying condition 2.4(2) for G n and some given R > 0, which shows asdim( {Gn} Z m ) ≤ m. On the other hand, we have m = asdim(Z m ) ≤ asdim( {Gn} Z m ) by 2.5.
Definition 2.11. Let R be a commutative, unital ring and d ∈ N. The unitriangular matrix group of size d over R is defined by
The multiplication is given by
where the shortcut x i,i = 1 is used for all i = 1, . . . , d.
These groups are known to be nilpotent, with nilpotency class equal to d − 1. Some of these groups will play an important role for the remainder of this section. This is due to following embedding theorem: Theorem 2.12 (see [16, 5.2] and [46] ). Let G be a finitely generated, torsionfree nilpotent group. Then G embeds as a subgroup into
Definition 2.13. Let r > 0 be a real number. Then the map α r :
yields a well-defined endomorphism. Moreover, it is immediate that α rs = α r • α s for all r, s > 0 and α 1 = id, thus
yields a continuous group action with respect to the natural Lie group structure on U d (R).
Remark 2.14. If r > 0 is an integer, then it is clear that α r restricts to an endomorphism on U d (Z).
Then it is not hard to see that there are some natural numbers k i,j for 1 ≤ i < j ≤ d such that
Moreover, H has finite index if and only if k i,j ≥ 1 for all i < j.
Proof. Consider the decreasing, separating sequence of finite index subgroups
For large enough n, we have k i,j |n! for all i < j, and thus
By 2.9, it suffices to show that asdim
Fix a right-invariant metric of U d (R) generating the underlying topology. As 
for all n ∈ N. Now the sequence of metrics on the right side is expanding in the sense that
Let R > 0. For large enough n, if one pulls back the cover V via ι n to U d (Z)/G n , and then back to U d (Z) via the quotient map, one obtains a cover U of U d (Z) with dimension at most d(d − 1)/2, such that 2.4(2) is satisfied for G n and R. This shows that asdim
On the other hand, equality follows by 2.5 because by coarse equivalence between U d (Z) and
Theorem 2.17. Let G be a finitely generated, virtually nilpotent group. Then asdim( s G) < ∞.
Proof. Since any finitely generated, virtually nilpotent group contains a torsion-free group of finite index, we may assume by 2.6 without loss of generality that G is itself nilpotent and torsion-free. By combining 2.12, 2.16 and 2.6, there exists (G n ) n ∈ Λ(G) with asdim( {Gn} G) < ∞. By 2.9, it follows automatically that asdim( s G) < ∞.
Question 2.18. Does the statement of 2.17 hold more generally for virtually polycyclic groups?
Rokhlin dimension for residually finite groups
In this section, we define Rokhlin dimension for cocycle actions of residually finite groups. First, we will recall the definition of a relative central sequence algebra in the non-unital case.
Definition 3.1 (compare with [18] ). Let A be a C * -algebra. Let D ⊂ A ∞ be a C * -subalgebra. Define
Remark 3.2. Let A be a C * -algebra and D ⊂ A ∞ a separable C * -subalgebra.
(1) It is easy to show from the separability of D that there is some positive contraction e ∈ A ∞ with ed = d = de for all d ∈ D. In particular, the image of e defines a unit of F ∞ (D, A), hence this is always a unital C * -algebra.
A is a cocycle action and D ⊂ A is α-invariant and closed under multiplication with the cocycles {w(g, h) | g, h ∈ G}, then the family of automorphisms {α g,∞ } g∈G defines a genuine ac-
Definition 3.3. Let A be a C * -algebra, G a residually finite group and (α, w) : G A a cocycle action. Let H ⊂ G be a finite index subgroup. Let d ∈ N be a natural number. Then α is said to have Rokhlin dimension at most d with respect to H, written dim Rok (α, H) ≤ d, if the following holds:
For all separable, α-invariant C * -subalgebras D ⊂ A closed under multiplication with {w(g, h) | g, h ∈ G}, there exist equivariant c.p.c. order zero maps 
Remark 3.5. Let A, G and (α, w) : G A be as above. In the case that A is separable and, we make two observations:
• The map g → α g,∞ ∈ Aut(F ∞ (A)) defines a genuine action, which we denote by α ∞ .
only if there exist equivariant c.p.c. order zero maps
Proof. Since there exists an equivariant and unital * -homomorphism
this is very easy to see. We leave the details to the reader. Definition 3.7. Let A be a C * -algebra, G a residually finite group and (α, w) : G A a cocycle action. Let σ = (G n ) n ∈ Λ(G) be a residually finite approximation. We define
Moreover, we define
Remark 3.8. It follows essentially from 3.6 that if σ is dominating in the sense of 2.9, then dim Rok (α, σ) = dim Rok (α).
The next example shows that in general, the limit lim n→∞ dim Rok (α, G n ) can indeed depend on the sequence (G n ) n . However, we do not know of any example where the Rokhlin dimension associated to a residually finite approximation is finite, but the full Rokhlin dimension dim Rok is not.
Example 3.9. Let p ≥ 2 be a natural number. Consider the UHF algebra
For all n ∈ N, let u n ∈ M p n be the shifting unitary given by
This automorphism defines an action of G = Z. It is not hard to see that for the sequence of subgroups G n = p n Z, one has dim Rok (α, G n ) = 0. So in particular dim Rok (α)({G n }) = 0. However, if q ≥ 2 is a number that does not divide p, it is easy to see that dim Rok (α)(qZ) > 0, since otherwise the unit would be divisible by q in the K 0 -group of M p ∞ . But this is not true.
In particular, one has dim Rok (α, H) > 0 for all H = p n Z. However, it is possible to show that nevertheless dim Rok (α) = 1. This follows for example from a yet unpublished result by Matui and Sato, see the introduction of [13] .
It turns out that when one considers cocycle actions of a residually finite group with a finite dimensional box space, then one has a permanence property of cocycle actions with finite Rokhlin dimension with respect to C * -algebras of finite nuclear dimension. This extends the key results in [13] and [47] .
But first, we need a slightly more flexible characterization of nuclear dimension: Proof. Since the 'only if' part is trivial, we show the 'if' part. Let F ⊂ ⊂A and δ > 0 be arbitrary. Find F, ψ, ϕ (0) , . . . , ϕ (r) as in the assertion. Since the cone over F is projective, we can find sequences of order zero maps ϕ
n (x)) n ] for all x ∈ F. In particular, it follows that lim sup
So there exists n with
Since F and δ were arbitrary, this shows dim nuc (A) ≤ r. 
Proof. We may assume that all of s = asdim( σ G), r = dim nuc (A) and d = dim Rok (α, σ) are finite, or else the statement is trivial. Let F ⊂ ⊂A ⋊ α,w G and δ > 0 be given. In order to show the assertion, we show that there exists a finite dimensional C * -algebra F with a c.p. approximation (F, ψ, ϕ) for F up to δ on A ⋊ α,w G as in 3.10.
Since the purely algebraic crossed product is dense in A ⋊ α,w G and is linearly generated by terms of the form au g for a ∈ A and g ∈ G, we may assume without loss of generality that F ⊂ {au g | a ∈ F ′ , g ∈ M } for two finite sets F ′ ⊂ ⊂A 1 and M ⊂ ⊂G.
The square root function
Hence, we may choose ε > 0 so small that | √ s− √ t| ≤ δ, whenever |s−t| ≤ ε. Recall that the sequence (G n ) n admits decay functions in the sense of 2.4(3). Hence there exists n ∈ N and functions µ (j) : G → [0, 1] for j = 0, . . . , s such that
• For every l = 0, . . . , s, and for all h ∈ G n \ {1} one has supp(µ (j) ) ∩ supp(µ (j) )h = ∅. • For every g ∈ G, we have • For every l = 0, . . . , s and g ∈ M , one has
Consider the finite sets
Let A act faithfully on a Hilbert space H and let
More specifically, we have for all a ∈ A, g ∈ G and j = 0, . . . , s that
. By our choice of ε, we have
It follows for all g ∈ M and a ∈ A that
Define the c.p.c. map
By the previous calculation, we have
for all g ∈ M and a ∈ A.
Observe that for au g ∈ F , the matrix coefficients of
are all inF . Choose an r-decomposable c.p. approximation (F, ψ, ϕ) for F up to δ/[G : G n ], i.e. a finite dimensional C * -algebra F and c.p. maps
→ A for i = 0, . . . , r such that ψ is c.p.c., the maps ϕ (i) are c.p.c. order zero and
For all j = 0, . . . , s and i = 0, . . . , r let
denote the amplifications of ψ and ϕ (i) .
Let D ⊂ A be a separable, α-invariant C * -algebra containingF , the image of ϕ (i) for all i = 0, . . . , r and such that D is closed under multiplication with {w(g, h) | g, h ∈ G}. Since dim Rok (α, G n ) ≤ d, we can find positive contractions (f
= 0 for allḡ =h and all l = 0, . . . , d.
gh for all l = 0, . . . , d and g, h ∈ G. Now let j ∈ {0, . . . , s} and l ∈ {0, . . . , d}. Define maps
Note that these are indeed c.p. since σ j,l (x) = v j,l xv * j,l for the 1 × |B
We now show that these maps are order zero. Let h 1 , h 2 , h 3 , h 4 ∈ B (j) n and a, b ∈ A. We have
1 Keep in mind that in a twisted crossed product, the unitaries ug and u * g −1 do not necessarily coincide.
For the last few steps of the above calculation, we denote f (l) = h ∈G/Gn f (l) h for all l = 0, . . . , d. Also note that for the very last step of the above calculation, we have used that the canonical map G −։ G/G n is injective on each set B (j) n . It follows that in fact
Hence each σ j,l is order zero and so is σ j,l •ϕ j,i for all i = 0, . . . , r, j = 0, . . . , s and l = 0, . . . , d.
As the next step, we would like to show that the maps
give rise to a good c.p. approximation of F . For this, we first calculate
Observe that by the properties of the functions µ (j) , we have for all l h ∈G/Gn
It follows for all g ∈ M and
Now let au g ∈ F and recall the definition of the maps Θ and Φ from the approximation diagram. We calculate that
It follows for all au g ∈ F that The following is a nice test case for the above theorem:
Remark 3.12. Let G be a countable, residually finite and amenable group. Let σ = (G n ) n be a residually finite approximation of G. Then the generalized Bunce-Deddens algebra associated to G and σ (see [34] ) has nuclear dimension at most asdim( σ G). This is because the associated generalized Bunce-Deddens algebra arises as the crossed product of the dynamical system
where the connecting maps are induced by the natural maps G/G n −։ G/G n+1 and X turns out to be homeomorphic to the Cantor set. From the definition, it is trivial that the resulting action α has Rokhlin dimension 0 with respect to σ. Hence it follows from 3.11 that
In particular, this is independent of the other results within [34] . On the other hand, it is easy to see that generalized Bunce-Deddens algebras are separable, unital, nuclear, quasidiagonal, have a unique tracial state and satisfy the UCT. A combination of these facts with [31, 6.2] gives an alternative proof that Bunce-Deddens algebras, associated to residually finite approximations yielding a box space of finite asymptotic dimension, are classifiable. However, we should mention that it is known by now that all generalized Bunce-Deddens algebras are classifiable. It follows from the detailed study of the transformation groupoid, which was carried out in [34] , that all generalized Bunce-Deddens algebras have strict comparison of positive elements. This, in turn, is sufficient to deduce from [31, 6 .2] that they are classifiable.
Rokhlin dimension vs. amenability dimension
Definition 4.1. Let G be a countable, discrete group and let X be a compact metric space. Let α : G X be an action. Then we denote by ∆ : G G × X the so-called diagonal action defined by ∆ g (h, x) = (hg −1 , α g (x)). Definition 4.2 (see [8, 9] ). Let G be a countable, discrete group and let X be a compact metric space. Let α : G X be a free action. The amenability dimension of α, denoted dim am (α), is defined to be the smallest natural number d with the following property: For any finite subset M ⊂ ⊂G, there exists an open cover U of G × X satisfying:
(1) U is a so-called free G-cover with regard to the diagonal action ∆; that is, for any U ∈ U and 1 = g ∈ G, we have ∆ g (U ) ∈ U and
The multiplicity of U is at most d + 1. (3) For any x ∈ X, the set M × {x} is contained in a member of U .
If no such d exists, we write dim am (α) = ∞. Remark 4.3. As with most notions related to amenability, there is a multitude of ways to express this notion. We are going to present this next. To this end, let us fix some terminology. An abstract free G-simplicial complex Z consists of a set Z 0 (the set of vertices) with a free G-action together with a G-invariant collection of its finite subsets closed under taking subsets (the collection of simplices, where the dimension of a simplex is the cardinality of the corresponding finite subset). The geometric realization of an abstract free G-simplicial complex Z, denoted as |Z|, is the set of formal sums
By convention, λ v is defined to be zero for v ∈ Z 0 \ σ. Usually Z is equipped with the weak topology, but for our purposes we consider the ℓ 1 -topology, induced by the
This metric is obviously G-invariant. α g (x) ), g·ϕ(x)) ≤ ε for all x ∈ X and g ∈ M .
(3) For any M ⊂ ⊂G and ε > 0, there exist finitely-supported maps µ (l) : G → C(X) + for l = 0, . . . , d satisfying:
Proof. The equivalence (1) ⇐⇒ (2) is proved in detail in [9] . However, we would like to point out that the proof of (1) =⇒ (2) (2) =⇒ (3) : Given any free G-simplicial complex Z of dimension no more than d, there is a canonical G-invariant cover U constructed as follows: for all l = 0, . . . , d and any l-dimensional simplex σ of Z, we define an open subset
Here, |σ| denotes the geometric realization of σ as a compact subset of |Z|.
One also has the description
Then U g·σ = g · U σ and U σ ∩ U σ ′ = ∅ for σ = σ ′ of the same dimension. Now U is defined to be the collection U = {U σ | σ ∈ Z}, which gives us an open cover of |Z| of dimension no more than d.
It is easy to see that for any decreasing and sequence (µ i ) i∈N of real numbers, summing up to 1, and with at most d non-zero terms, there is i 0 ∈ {1, . . . , d} such that 
This means that the Lebesgue number of U is at least 2 d(d+1) . This allows us to define a partition of unity {ν σ } σ∈Z subordinate to U by setting
.
Observe that ν g·σ = g · ν σ for all σ ∈ Z and ν σ · ν σ ′ = 0, whenever σ = σ ′ are two simplices of the same dimension. Moreover, it follows from [33, 4.3.5] that each function ν σ is Lipschitz with respect to the constant d(d+1)(2d+1). Now given any finite subset M ⊂ ⊂G and ε > 0, we apply the assumption to get a free G-simplicial complex Z of dimension no more than d and a (M −1 , ε 2d(d+1)(2d+1) )-approximately equivariant continuous map ϕ : X → |Z|. Let {ν σ } be the partition constructed above. For every l = 0, . . . , d, pick a set Σ (l) of representatives for the G-action on the set of l-dimensional simplices in Z, and define ν (l) = σ∈Σ (l) ν σ . Since there is only one nonzero summand at every point z ∈ |Z|, the sum is well defined and we see that each ν (l) is also Lipschitz with respect to the constant d(d + 1)(2d + 1). Additionally, we have ν (l) · (g · ν (l) ) = 0 for all g ∈ G \ {1} and
Finally, we define the maps µ (l) : G → C(x) + as the pullbacks µ
We claim that these maps satisfy the desired conditions. Since X is compact, there are only finitely many g ∈ G such that µ . Lastly we check that for any l = 0, . . . , d, g ∈ M , h ∈ G and x ∈ X we haveᾱ 
is an open cover satisfying the conditions in 4.2. First we observe that the G-invariance of U is built into the definition. Now it holds for any (h, x) ∈ G × X, l = 0, . . . , d and g ∈ G that (h, x) ∈ ∆ g U (l) if and only if µ
hg ′ = 0, it follows that (h, x) cannot be in both ∆ g (U (l) ) and ∆ g ′ (U (l) ). This proves that for each l = 0, . . . , d, the collection U (l) is Ginvariant and consists of pairwise disjoint sets.
Lastly, we observe that for any (h, x) ∈ G × X, there is g 0 ∈ G and l 0 ∈ {0, . . . , d} such that µ 
But this is equivalent to (bh, x) ∈ ∆ g 0 (U (l) ). Hence it follows that M h × {x} is contained in a member of U . In particular, U indeed covers G × X. This yields all the conditions in order to deduce dim am (α) ≤ d.
It turns out that amenability dimension for free actions is a notion that behaves well with respect to the nuclear dimension of the transformation group C * -algebra. The following theorem is due to Guentner, Willett and Yu:
Theorem 4.5 (see [9] ). Let G be a countable, discrete group and X a compact metric space. Let α : G X be a free action. Then
This raises the obvious question whether this notion is connected to our notion of Rokhlin dimension. This can be answered as follows: Theorem 4.6. Let G be a countable, discrete, residually finite group and X a compact metric space. Let α : G X a free action and let σ = (G n ) n ∈ Λ(G) be a residually finite approximation of G. Then one has the following estimates
Proof. Denote d = dim am (α), s = asdim( σ G) and r = dim Rok (α, σ). Let us prove the first inequality, assuming that d < ∞. Let M ⊂ ⊂G and ε > 0 be given. By 4.4(3), we can find finitely supported maps µ (l) : G → C(X) + for l = 0, . . . , d with the given properties depending on (M, ε). Let H⊂ ⊂G be a subgroup of finite index. For l = 0, . . . , d andḡ ∈ G/H, we define f
h . Then one easily checks the following properties:
As H, M and ε were arbitary, we can deduce dim Rok (ᾱ) ≤ d.
Let us prove the second inequality, assuming that s, r < ∞. Let M ⊂ ⊂G and ε > 0 be given. By 2.4(3), there is some n such that there exist finitely supported functions ν (j) : G → [0, 1] for j = 0, . . . , d satisfying the given properties depending on (M, ε). Moreover, we may choose positive contractions f
Now the cone over C [G:H] is projective, and the generating relations are hence weakly stable, see [27, 10.1.7, 4.1.4]. Since in the above relations, ε may be arbitrarily small, we may assume that actually
With a simple scaling procedure, we may also assume that
Now consider the functions
for l = 0, . . . , r and j = 0, . . . , s.
These clearly satisfy the conditions from 4.4(3) for (M, ε). Since M and ε were arbitrary, we get d ≤ (s + 1)(r + 1) − 1.
Free topological actions of nilpotent groups
In this section, we study free actions of finitely generated, nilpotent groups on finite dimensional spaces. However, before we can study such actions, we have to establish an important technical property of nilpotent groups:
Lemma 5.1. Let G be a finitely generated, nilpotent group. Let ℓ be the Hirsch-length of G and set m = 3 ℓ . Then for any finite subset M ⊂ ⊂G, there is a finite subset F ⊂ ⊂G containing the identity and g 1 , . . . , g m ∈ G, such that for any g ∈ F −1 F , we have M g ⊂ g j F for some j ∈ {1, . . . , m}.
Proof. Before we delve into the somewhat lengthy and technical proof, let us summarize the approach. It is easy to see that the estimate is true for G = Z. If we pretend for a moment that G is torsion-free and nilpotent, then the idea boils down to representing G as an iterated central extension by copies of Z, and inductively define F in such a way that each new F is long enough in the direction of a newly-added generator that commutators of the old generators have relatively minute impact. This process describes an induction argument by the Hirsch-length of G.
So let us apply induction by ℓ. If ℓ = 0, then G is finite, and we may simply take F = G and m = 1. Now suppose G has Hirsch-length ℓ + 1 for some ℓ ≥ 0, and the statement has been proved for all nilpotent groups with Hirsch length at most ℓ. By the basic theory of nilpotent groups, G has a central element t ∈ G of infinite order. Set H = G/ t . This obviously yields another finitely generated, nilpotent group of Hirsch-length ℓ. Denote by π : G → H the canonical quotient map and set m = 3 ℓ . Now let M ⊂ ⊂G be a finite subset. We apply our induction hypothesis on H to get a finite set F 0 ⊂ ⊂H containing the identity and h 1 , . . . , h m ∈ H such that for each h ∈ F −1 0 F 0 , we have π(M )h ⊂ h j F 0 for some j ∈ {1, . . . , m}. Pick some cross section σ :
Now it is obvious that we have ST ⊂ t i | − n ≤ i ≤ n for some n ∈ N. We set 
⌋, we have
Combining all this, observe that
This finishes the induction step and the proof.
Recall the following marker property Lemma:
Lemma 5.2 (see [47, 3.8, 4.4] ). Let G be a countable, discrete group and X a compact metric space of finite covering dimension d ∈ N. Let α : G X be a free action. Let F ⊂ ⊂G be a finite set, and let g 1 , . . . , g d ∈ G be elements such that the sets
and
Combining these two Lemmas, we can obtain the following result:
Theorem 5.3. Let G be a finitely generated, infinite nilpotent group and X a compact metric space of finite covering dimension. Let α : G X be a free action. Then α has finite amenability dimension, and in fact
Proof. Let ℓ be the Hirsch-length of G and denote m = 3 ℓ and d = dim(X). Let M ⊂ ⊂G be a finite set. We need to construct an open cover U of G × X as required by 4.2 with respect to the number m(d + 1). By 5.1, we can find a finite subset F ⊂ ⊂G containing the identity and h 1 , . . . , h m ∈ G satisfying the properties given there. Since G is infinite and nilpotent, so is its center. Thus we can find g 1 , . . . , g d in the center of G such that the
and 
and collections of open sets
is an open cover satisfying the conditions in 4.2. First we observe that the G-invariance of U is built into the definition. Moreover, assume that g ∈ G is an element with
Since the first two components must intersect non-trivially, this implies that g ∈ F . At the same time, the two second components must intersect nontrivially, so Z ∩ α g (Z) = ∅. By the above property of Z, this leaves g = 1 G as the only possibility. Hence we have verified condition (1) and (2) of 4.2. Lastly, let x ∈ X be an arbitrary point. Then we can find i 0 ∈ {0, . . . , d} and h ∈ F −1 F with x ∈ α g i 0 h (Z). By our assumptions on F and h 1 , . . . , h m , we can find j 0 ∈ {1, . . . , m} with M h ⊂ h j 0 F . Therefore we have
In particular, U is a cover satisfying condition (3) of 4.2. This finishes the proof.
Corollary 5.4. Let G be a finitely generated, infinite nilpotent group and X a compact metric space of finite covering dimension. Let α : G X be a free action. Then the C * -algebraic actionᾱ : G C(X) has finite Rokhlin dimension, and in fact
Proof. This follows directly from 5.3 and 4.6.
Corollary 5.5. Let G be a finitely generated, infinite nilpotent group and X a compact metric space of finite covering dimension. Let α : G X be a free action. Then the transformation group C * -algebra C(X) ⋊ α G has finite nuclear dimension, and in fact
Remark 5.6. Of course we could also combine 5.4, 2.17 and 3.11 directly to deduce the result in 5.5, albeit one would arrive at a weaker estimate.
6. Genericity of finite Rokhlin dimension on Z-stable C * -algebras
In this section, we investigate the genericity of (genuine) actions with finite Rokhlin dimension on C * -algebras absorbing either Z or a certain UHF algebra of infinite type, in analogy to what has been done in [13, Section 3] . First, let us establish some notation.
Definition 6.1. Let G be a countable, discrete group and A a C * -algebra. Consider the set Act(G, A) of all actions α : G A. For a pair of F ⊂ ⊂A and M ⊂ ⊂G, the map
defines a pseudometric on Act(G, A). We equip Act(G, A) with the topology induced by all these pseudometrics. It is not hard to see that when A is separable, this topology is metrizable, and in fact Act(G, A) becomes a Polish space with any such metric.
A subset of actions in Act(G, A) is called generic, if it is a countable intersection of dense open subsets. Let F n ⊂ ⊂A and S n ⊂ ⊂D be increasing sequences of finite subsets whose union is dense in the corresponding C * -algebra. Let M n ⊂ ⊂G be an increasing sequence of finite subsets whose union is G. For each n ∈ N, define the set V n ⊂ Act(G, A) by saying that α ∈ V n , if there exists a *-linear map ϕ : D → A satisfying:
n for all a ∈ F n , d ∈ S n and g ∈ M n . Looking at the above conditions, it is very easy to check that each V n defines an open subset of Act(G, A) with respect to the topology from 6.1. An action α ∈ Act(G, A) admits a unital * -homomorphism D → F ∞ (A) α∞ if and only if α ∈ n∈N V n .
(2) In a similar fashion as (1), this follows directly from the equivalent reformulation of dim Rok (α, H) ≤ d in 3.4.
(3) Choose some dominating residually finite approximation (G n ) n of G. Then
So it follows from (2) that the left hand side forms a G δ -subset.
Let us record a general observation, which will lead to the genericity of various properties of group actions:
Let G be a countable, discrete group. Consider the category C G of all C * -dynamical systems (A, α) for separable C * -algebras A and actions α : G A, where the morphisms are equivariant * -homomorphisms. We have a natural (maximal) tensor product between C * -dynamical systems given by (A, α) ⊗ max (B, β) = (A ⊗ max B, α ⊗ max β). Now let S be a strictly full 2 subcategory of C G . We call S tensorially absorbing, if whenever α : G A and β : G B are actions with (B, β) in S, then (A, α) ⊗ max (B, β) is also in S. (Since we will only apply this in the case that B is nuclear, the choice of maximal tensor product is rather arbitrary.) 
In particular, the sequence of actions α n = ϕ −1 n • (α ⊗ γ) • ϕ n converges to α in the point-norm topology. By the assumptions on S, each action α n yields an object in S. This finishes the proof.
Remark. By the same proof as above, an analogous variant of 6.3 is true even if G is assumed to be a locally compact, metrizable group. One merely has to pay attention to the topology on the set of all strongly continuous Gactions on a C * -algebra, since it is defined slightly different from the discrete case 6.1. Proof. The only thing left to show is that such actions are dense in Act(G, A). But this follows from 6.3. Firstly, the property of absorbing the trivial action on D is clearly invariant under conjugation, and in fact defines a strictly full and tensorially absorbing subcategory of C G . Secondly, the trivial action of G on D is clearly conjugate to its tensorial product with itself. Proof. This follows directly from the definitions 3.5, 3.7.
Remark 6.6. Let G be a countable, discrete and residually finite group. Let σ = (G n ) n be a dominating residually finite approximation consisting of normal subgroups. For each n ∈ N, denote by λ n : Γ n → U (M |Γn| ) the left-regular representation of Γ n = G/G n . For each n ∈ N, let π n : G −։ Γ n be the canonical surjection. Let M σ = N M |Γn| ∞ and define Proof. First, let us observe
With this rearrangement of tensor factors, we get that γ Γ is conjugate to N γ Γ . Since γ Γ is a faithful action, its infinite tensor power is pointwise strongly outer. Now it follows from [28, 3.4] that γ Γ has the weak Rokhlin property in the sense of [28, 29] . Let σ : Γ C(Γ) denote the canonical Γ-shift action. Let ω ∈ βN \ N be a free ultrafilter. In this particular instance, the weak Rokhlin property implies that there is an equivariant c.p.c. order zero map
ω from Section 1.) Now notice that Z γ Γ is separable, unital, nuclear, simple and has a unique tracial state. Moreover, the element ψ(1) is an element of (Z γ Γ ) ω and has full trace. Let h 0 ∈ Z be a positive contraction with full spectrum [0, 1], and define h 1 = 1 Z − h 0 . It follows from [45, 4.3] that there are unitaries
Viewing these as unitaries in (Z ⊗ Z) ω , we define the two c.p.c. order zero maps
for i = 0, 1.
As ψ was equivariant and the unitaries u 0 , u 1 are both fixed by (γ Γ ⊗ id Z ) ω , this actually yields two equivariant c.p.c. order zero maps
Now by [28, 4.7, 4.8] , γ Γ is conjugate to γ Γ ⊗ id Z . Since γ Γ is also conjugate to its own infinite tensor power, this verifies dim Rok (γ Γ ) ≤ 1. Note that dim Rok (γ Γ ) = 0 is impossible, since Z contains no non-trivial projections.
Remark 6.11. Let G be a countable, discrete and residually finite group. Let σ = (G n ) n be a dominating residually finite approximation consisting of normal subgroups. For each n ∈ N, let Γ n = G/G n and π n : G −։ Γ n the canonical surjection. Identifying Z ∼ = N Z, we define
Notice that by design (i.e. by 6.10), this action has Rokhlin dimension 1. Proof. By 6.2, we only have to show that said actions form dense subset. But this follows directly from 6.3, 6.5 and 6.11.
Remark 6.13. The genericity results in this sections also apply to cocycle actions with some minor modifications. Let (α, w) : G A be a cocycle action of a countable, discrete group on a separable C * -algebra. Let D be a strongly self-absorbing C * -algebra. As indicated in the proof of [29, 4.9] for the unital case, we have that (α, w) is strongly cocycle conjugate to (α ⊗ id D , w ⊗ 1 D ) if and only if there exists a unital * -homomorphism
Since the Rokhlin dimension of a cocycle action is an invariant under cocycle conjugacy, the proofs of this section should all carry over to cocycle actions, if one replaces conjugacy by strong cocycle conjugacy.
Remark 6.14. We would like to emphasize that unlike most of the previous results concerning genericity (as for example in [13] or [37] ), the results of this section were proved rather directly. In particular, we did not have to appeal to a Baire category argument in order to show denseness of any subsets in Act(G, A).
Rokhlin dimension with commuting towers
In this section, we look at the notion of Rokhlin dimension with commuting towers, in analogy to what has been done in [13, Section 5] . Similarly as in [13] , it turns that cocycle actions with finite Rokhlin dimension with commuting towers preserve Z-stability and UHF-stability, at least for groups admitting a finite dimensional box space. such that ψ(M p ) is contained in the sub-C * -algebra of B that is generated by the images ϕ k (M p ), k = 1, . . . , n.
The following is a generalization of [13, 5.8, 5 .9]:
Theorem 7.4. Let A be a separable, Z-stable C * -algebra. Let G be a countable, residually finite group. Let (α, w) : G A be a cocycle action. Assume that σ = (G n ) n ∈ Λ(G) is a residually finite approximation with asdim( σ G) < ∞ and dim Rok,c (α, σ) < ∞. Then A ⋊ α,w G is Z-stable.
Proof. By 7.2, it suffices to show the existence of a unital * -homomorphism Z k,k+1 −→ F ∞ (A) α∞ for every k ≥ 2 to show the above claim. By [41] , this can be done by finding two c.p.c. order zero maps ψ : M k → F ∞ (A) α∞ and κ : M k+1 → F ∞ (A) α∞ with commuting ranges and ψ(1) + κ(1) = 1.
Denote s = asdim( σ G) and d = dim Rok,c (α, σ). As A is Z-stable, there exists a unital embedding Z k,k+1 → F ∞ (A). By a standard reindexation trick, we may find unital embeddings ι l,j : Z k,k+1 → F ∞ (A) for l = 0, . . . , d and j = 0, . . . , s such that [ι l 1 ,j 1 (x), α g ∞ (ι l 2 ,j 2 (y))] = 0 for all x, y ∈ Z k,k+1 , g ∈ G and (l 1 , j 1 ) = (l 2 , j 2 ). Choose two c.p.c. order zero maps µ : M k → Z k,k+1 and θ : M k+1 → Z k,k+1 with commuting ranges and µ(1) + θ(1) = 1.
Let M ⊂ ⊂G and ε > 0 be arbitrary. By 2.4(3), we can find n and finitely supported functions ν (j) : G → [0, 1] for j = 0, . . . , s satisfying
• For every j = 0, . . . , s, one has supp(ν (j) ) ∩ supp(ν (j) )h = ∅ for all h ∈ G n \ {1} .
• For every g ∈ G, one has s j=0 h∈Gn ν (j) (gh) = 1.
• For every j = 0, . . . , s and g ∈ M , one has
In order to shorten the notation for the rest of the proof, we will write ν Then it is easy to see that each ψ l,j and κ l,j is c.p.c. order zero. Moreover, the collection of maps {ψ l,j } l,j ∪ {κ l,j } l,j has pairwise commuting ranges. Moreover, the third property of the functions ν (j) ensures that we have for all l = 0, . . . , d and j = 0, . . . , s ψ l,j = ε α ∞,g • ψ l,j , κ l,j = ε α ∞,g • κ l,j for all g ∈ M.
Since M ⊂ ⊂G and ε > 0 were arbitrary, we can apply a standard reindexation trick to construct new c.p.c. order zero maps ψ l,j : M k → F (A) α∞ and κ l,j : M k+1 → F (A) α∞ for l = 0, . . . , d and j = 0, . . . , s with pairwise commuting ranges and We can now apply 7.3 to get two c.p.c. order zero maps ψ : M k → F (A) α∞ and κ : M k+1 → F (A) α∞ with commuting ranges and such that ψ(1) + κ(1) = 1. This yields a unital * -homomorphism
which finishes the proof.
Corollary 7.5. Let A be a separable, Z-stable C * -algebra. Let G be a countable, residually finite group. Let (α, w) : G A be a cocycle action. Assume that asdim( s G) < ∞ and dim Rok,c (α) < ∞. Then A ⋊ α,w G is Z-stable.
With an almost identical approach, one can prove an analogous result for UHF-absorbing C * -algebras. As the proof is very similar to the above, we omit it. Theorem 7.6. Let U be a UHF algebra of infinite type. Let A be a separable, U -stable C * -algebra. Let G be a countable, residually finite group. Let (α, w) : G A be a cocycle action. Assume that σ = (G n ) n ∈ Λ(G) be a residually finite approximation with asdim( σ G) < ∞ and dim Rok,c (α, σ) < ∞. Then A ⋊ α,w G is U -stable.
Corollary 7.7. Let U be a UHF algebra of infinite type. Let A be a separable, U -stable C * -algebra. Let G be a countable, residually finite group. Let (α, w) : G A be a cocycle action. Assume that asdim( s G) < ∞ and dim Rok,c (α) < ∞. Then A ⋊ α,w G is U -stable.
The following question was recently posed by Kirchberg and Rørdam:
Question 7.8 (see [20] ). Assume that A is a separable C * -algebra such that its central sequence algebra F ∞ (A) has no characters. Does it follow that A is Z-stable?
A positive solution would easily yield an affirmative answer to the following weaker question, which was first posed by White: Question 7.9. Let A be a separable C * -algebra. Assume that there exists n ∈ N and c.p.c. order zero maps ϕ 0 , . . . , ϕ n : Z → F ∞ (A) with ϕ 0 (1) + · · · + ϕ n (1) = 1.
Does it follow that A is Z-stable?
If 7.9 has an affirmative answer, then 7.4 and 7.5 are true without the commuting towers assumption. That is because it can be seen from the proof of 7.4 that finite ordinary Rokhlin dimension is enough to construct finitely many c.p.c. order zero maps as required by 7.9.
